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Abstract

Three series of tensile tests with constant cross-head speeds (ranging from 5 to 200 mm/min), tensile relaxation tests
(at strains from 0.03 to 0.09) and tensile creep tests (at stresses from 2.0 to 6.0 MPa) are performed on low-density
polyethylene at room temperature. Constitutive equations are derived for the time-dependent response of semicrys-
talline polymers at isothermal deformation with small strains. A polymer is treated as an equivalent heterogeneous
network of chains bridged by temporary junctions (entanglements, physical cross-links and lamellar blocks). The
network is thought of as an ensemble of meso-regions linked with each other. The viscoelastic behavior of a polymer is
modelled as thermally-induced rearrangement of strands (separation of active strands from temporary junctions and
merging of dangling strands with the network). The viscoplastic response reflects mutual displacement of meso-domains
driven by macro-strains. Stress—strain relations for uniaxial deformation are developed by using the laws of thermo-
dynamics. The governing equations involve five material constants that are found by fitting the observations. Fair
agreement is demonstrated between the experimental data and the results of numerical simulation. It is shown that
observations in conventional creep tests reflect not only the viscoelastic, but also the viscoplastic behavior of an en-
semble of meso-regions.
© 2003 Elsevier Science Ltd. All rights reserved.
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1. Introduction

This paper is concerned with the nonlinear viscoelastic and viscoplastic behavior of injection-molded
low-density polyethylene (LDPE) in uniaxial tensile tests in the sub-yield region of deformations at room
temperature. The nonlinear time-dependent response of polyethylene has been a focus of attention in the
past decade, which may be explained by numerous industrial applications of this semicrystalline polymer.
LDPE is used for production of bags, pallet covers and greenhouse films. Although pristine LDPE has
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rather modest mechanical properties, they can be noticeably improved by mixing polyethylene with
polypropylene, polystyrene, polyester, polyamides, as well as by reinforcing LDPE with carbon black and
calcium carbonate. Polyethylene is also one of the key components for production of thermoplastic elasto-
mers.

The nonlinear viscoelastic behavior of polyethylene is conventionally studied in standard creep and
relaxation tests. Creep of polypropylene samples has recently been investigated by Lai and Bakker (1995),
Suwanprateeb et al. (1995), Ward (1995), G’Sell et al. (1996), Rand et al. (1996), Zhang and Moore (1997),
Deng et al. (1998), Lee and Pienkowski (1998), Zhou and Wilkes (1998), Bonner et al. (1999), Xu et al.
(2000), Hubert et al. (2002), to mention a few. Experimental data in relaxation tests on polypropylene have
recently been reported by Chengalva et al. (1995), Djokovic et al. (1999), Nitta and Suzuki (1999), Djokovic
et al. (2000) and Meyer and Pruitt (2001).

Viscoplasticity and yielding of polyethylene with relation to its crystalline morphology and topology of
chains have been studied in the past decade by Lu et al. (1995), Brooks et al. (1997, 1998, 1999a,b),
Gaucher-Miri and Seguela (1997), Graham et al. (1997), Vaccaro et al. (1997), Butler and Donald (1998),
Hiss et al. (1999), Sabbagh and Lesser (1999), Hobeika et al. (2000), Sirotkin and Brooks (2001), Bergstrom
et al. (2002) and Seguela (2002).

Despite a number of publications focused on the mechanical response of polyethylene, some features of
its time-dependent behavior remain obscure. First, most of previous studies were confined to one type of
tests only [as exceptions, it is worth noting the works by Ward (1995), G’Sell et al. (1996) and Zhang and
Moore (1997), where stress—strain curves in tensile tests with constant strain rates were compared with
creep curves]. Second, no stress—strain relations have been developed in previous publications that can
adequately describe both the viscoelastic and viscoplastic responses of semicrystalline polymers and whose
adjustable parameters have transparent physical meaning. Finally, previous studies treated experimental
data in creep and relaxation tests as two equivalent ways for the observation of the viscoelastic behavior of
polymers. This approach was formulated about half a century ago with application to the linear time-
dependent response of solid polymers (Ferry, 1980). In the past decades, however, this concept was used
without revision to predict the nonlinear viscoelastic behavior of polymers in the sub-yield region of de-
formations.

The objective of this study is three-fold:

1. To report experimental data in tensile tests with constant strain rates, in tensile relaxation tests and in
tensile creep tests on LDPE in the sub-yield region of deformations at ambient temperature.

2. To derive constitutive equations for the viscoelastic and viscoplastic behavior of a semi-crystalline poly-
mer and to find adjustable parameters in the stress—strain relations by fitting the observations.

3. To demonstrate a pronounced difference between the time-dependent responses of LDPE in creep and
relaxation tests. We suggest that the relaxation curves reflect merely the viscoelastic behavior of a semi-
crystalline polymer, whereas the creep curves in the sub-yield region of deformations reflect both the
viscoelastic and viscoplastic responses.

To clarify the latter assertion, it should unambiguously formulated what we understand under the
viscoelastic and viscoplastic phenomena in semicrystalline polymers.

LDPE is a semicrystalline polymer, where spherulites of various types are distributed in the amorphous
matrix. The average radius of spherulites ranges from 3 to 12 pm (Graham et al., 1997). They contain
crystalline lamellae with the thickness of 8-10 nm. The average size of lamellae and their curvature, as well
as the type of their organization into spherulites are strongly affected by crystallization conditions, mo-
lecular weight, and the degree of branching of chains. At room temperature, the amorphous phase is in the
rubbery state. The glass transition point of polyethylene remains the subject of debate (Badr et al., 2000;
Shieh and Liu, 2001; Tanaka, 2001), but most authors agree that the glass transition temperature, Ty, is
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located far below room temperature. The amorphous phase consists of chains located in inter-lamellar and
inter-spherulitic regions with various levels of molecular mobility (Shieh and Liu, 2001). The crystalline
morphology of polyethylene is strongly affected by deformation. Loading of LDPE in the sub-yield region
of deformations results in (i) inter-lamellar separation, (ii) rotation and twist of lamellae, (iii) fine slip of
lamellar blocks (homogeneous shear of layer-like crystalline structures), (iv) reorientation of lamellae
within spherulites, (v) chain slip through the crystals, (vi) sliding of tie chains along and their detachment
from lamellar blocks (Brooks et al., 1997; Gaucher-Miri and Seguela, 1997; Hiss et al., 1999; Seguela, 2002).

To develop constitutive equations for a semicrystalline polymer, we apply a method of homogeni-
zation (Bergstrom et al., 2002). According to this approach, a complicated micro-structure of a polymer
is replaced by an equivalent phase, whose behavior captures essential features of the mechanical res-
ponse. A heterogeneous network of chains bridged by temporary junctions (entanglements, physical
cross-links on the surfaces of crystallites and lamellar blocks) is chosen as the equivalent phase for the
following reasons: (i) the viscoelastic response is conventionally associated with rearrangement of chains
in amorphous regions (Coulon et al., 1998), (ii) the viscoplastic flow is “‘initiated in the amorphous
phase before transitioning into the crystalline phase” (Meyer and Pruitt, 2001), and (iii) sliding of tie
chains along and their detachment from lamellar blocks play the key role in the yielding phenomenon
(Nitta and Takayanagi, 1999).

The viscoelastic response of LDPE is described within the concept of transient networks (Green and
Tobolsky, 1946; Yamamoto, 1956; Lodge, 1968; Tanaka and Edwards, 1992; Drozdov and Christiansen,
2002). It is modelled as separation of active strands from temporary junctions and merging of dangling
strands with the network. The network of chains is assumed to be strongly heterogeneous, and it is treated
as an ensemble of meso-regions (MRs) with various activation energies for detachment of active strands.
Two types of MRs are distinguished: (i) active domains, where strands separate from junctions as they are
thermally agitated (these MRs are associated with a mobile part of the amorphous phase), and (ii) passive
domains where detachment of strands from their junctions is prevented (these MRs reflect a part of the
amorphous phase whose mobility is severely restricted by surrounding crystallites). Rearrangement of
active strands in the network is thought of as a thermally-activated process whose rate obeys the Eyring
equation (Eyring, 1936).

The viscoplastic behavior of LDPE is described based on the concept of non-affine networks (Glatting
et al.,, 1994; Wedgewood and Geurts, 1995; Sun et al., 2000). Under deformation, junctions slide with
respect to their reference positions in a stress-free polymer. Sliding of junctions reflects sliding of chains
with respect to entanglements, sliding of tie chains along the surfaces of crystallites, and fine slip of
lamellar blocks. The sliding process occurs at arbitrary small stresses, which means that “there is no yield
surface. .. and plastic deformation commences from the onset of loading, although it may be exceedingly
small below certain levels of applied stress” (Lubarda and Benson, 2002). Unlike previous studies on non-
affine networks, sliding of junctions between strands is connected with the macro-strain (not macro-stress).
An advantage of this (merely kinetic) approach is that the unloaded configuration of a network may
be determined explicitly, which is of essential importance for the analysis of residual strains induced by
viscoplastic flow.

With reference to the above scenario for the viscoelastic and viscoplastic responses of semi-crystalline
polymers, we associate observations in standard relaxation tests with the viscoelastic behavior (detachment
of active strands from temporary junctions in a transient network, where the junctions remain at rest). On
the contrary, observations in standard creep tests reflect the viscoelastic and viscoplastic behavior (rear-
rangement of strands in a network, where junctions slide with respect to their reference positions). At small
stresses, when the viscoplastic flow of junctions is negligible, the time-dependent response in both tests is
attributed to rearrangement of a network only, which implies that the experimental data may be re-
calculated by using conventional formulas. With an increase in stress (strain), when the viscoplastic flow
of junctions becomes substantial, creep and relaxation tests reflect different processes as the micro-level.
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The purpose of the remaining part of this paper is to validate this scenario. The exposition is organized
as follows. The experimental procedure is described in Section 2. Kinematic equations for sliding of
junctions are introduced in Section 3. Rearrangement of strands in a transient network is discussed in
Section 4. The strain energy density of a semicrystalline polymer is determined is Section 5. Stress—strain
relations for uniaxial deformation of a specimen are derived in Section 6 by using the laws of thermo-
dynamics. Adjustable parameters in the constitutive equations are found in Section 7 by matching experi-
mental data. Our findings are discussed in Section 8. Some concluding remarks are formulated in Section 9.

2. Experimental procedure

Low-density polyethylene (Lupolen 2410T) was supplied by BASF (Basell). ASTM dumbbell specimens
were injection molded with length 148 mm, width 9.8 mm and thickness 3.8 mm. Uniaxial tensile tests were
performed at room temperature on a testing machine Instron-5568 equipped with electro-mechanical
sensors for the control of longitudinal strains in the active zone of samples (with a distance of 50 mm
between clips). The tensile force was measured by a standard load cell. The longitudinal stress, o, was
determined as the ratio of the axial force to the cross-sectional area of stress-free specimens.

Mechanical tests were carried out on samples not subjected to thermal pre-treatment. To minimize the
effect of physical aging, experiments were performed at least one day after preparation of samples. Each test
was performed on a new specimen. Necking of samples was not observed.

In the first series of tests, specimens were loaded with constant cross-head speeds of 5, 10, 25, 50, 100,
150 and 200 mm/min (which corresponded to the strain rates é = 9.80 x 107%, 2.03 x 1073, 5.16 x 1073,
9.92 x 1073, 2.07 x 1072, 3.03 x 1072 and 4.00 x 102 s7!, respectively) up to the maximal strain epa, = 0.1.
The maximal strain were chosen to be close to the yield strain for LDPE, ¢, = 0.12 (Hobeika et al., 2000).
The chosen strain rates ensured nearly isothermal experimental conditions, on the one hand, and they
allowed the viscoelastic effects to be disregarded, on the other. The duration of tensile tests varied from 3.3 s
at the highest cross-head speed to 132 s at the lowest one. Our observations in relaxation tests (see Fig. 2)
demonstrated that during 132 s the maximal decrease in the longitudinal stress did not exceed 23%.

The engineering stress, o, is plotted versus the engineering strain, ¢, in Fig. 1. The stress—strain diagrams
show that (i) the stress—strain curves are strongly nonlinear, and (ii) given a strain, e, the stress, o,
monotonically increases with the strain rate.

Tensile relaxation tests were carried out at the longitudinal strains e = 0.03, 0.06, and 0.09 that cover the
entire region of sub-yield deformations. In each relaxation test, a specimen was stretched with a constant
cross-head speed of 25 mm/min up to a given longitudinal strain, ¢, that was preserved constant during the
relaxation time. In accord with the ASME protocol for short-term relaxation tests, the relaxation time
t, = 20 min was chosen.

The longitudinal stress, g, is plotted versus the logarithm (log = log,,) of time ¢ (the initial instant, r = 0,
corresponds to the beginning of the relaxation process) in Fig. 2. This figure shows that given a strain, ¢, the
stress, g, decreases (practically linearly) with the logarithm of time, ¢. Given time, ¢, the stress, o, mono-
tonically increases with the strain, ¢, and the relaxation curves are similar to one another (in the sense that
they may be superposed by shifts along the vertical axis with a high level of accuracy).

Tensile creep tests were performed at the longitudinal stresses ¢ = 2.0, 3.0, 4.0, 4.5, 5.0, 5.5 and 6.0 MPa.
We confine ourselves to this interval of loads, because at higher stresses, the secondary and tertiary creep
flows are observed within the experimental time-scale. The latter phenomena remain beyond the scope of
the present study which focuses on the time-dependent response of LDPE at small strains.

In each creep test, a specimen was deformed with a constant cross-head speed of 50 mm/min up to a
given longitudinal stress, o, that was preserved constant during the creep time. Following the ASME
protocol for short-term creep tests, the creep time, 7. = 20 min, was chosen.
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Fig. 1. The stress ¢ MPa versus strain ¢ in a tensile test with the cross-head speed ¥ mm/min. Circles: experimental data. Solid lines:
results of numerical simulation. Curve 1: u = 5.0. Curve 2: u = 10.0. Curve 3: u = 25.0. Curve 4: u = 50.0. Curve 5: u = 100.0. Curve 6:
u = 150.0. Curve 7: u = 200.0.
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Fig. 2. The stress ¢ MPa versus time ¢ s in a tensile relaxation test with a strain e. Circles: experimental data. Solid lines: results of
numerical simulation. Curve 1: € = 0.03. Curve 2: € = 0.06. Curve 3: € = 0.09.

The longitudinal strain, e, is plotted versus the logarithm of time ¢ (the initial instant, ¢t = 0, corresponds
to the beginning of the creep process) in Fig. 3. This figure shows that given a stress, g, the strain, e,
monotonically increases with time, . The growth of rather weak at relatively small stresses, and its rate
noticeably increases with stress. Unlike the relaxation curves (Fig. 2) that can be fairly well superposed by
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Fig. 3. The strain € versus time 7 s in a tensile creep test with a stress ¢ MPa. Circles: experimental data. Solid lines: results of numerical
simulation. Curve 1: ¢ = 2.0. Curve 2: ¢ = 3.0. Curve 3: ¢ = 4.0. Curve 4: ¢ =4.5. Curve 5: ¢ = 5.0. Curve 6: ¢ = 5.5. Curve 7:
g =6.0.

shifts along the vertical axis, no superposition of the creep curves (Fig. 3) is possible by vertical shifts. Given
time, ¢, the strain, ¢, monotonically increases with the stress, o.

Our aim now is to develop constitutive equations that can correctly describe the experimental data
depicted in Figs. 1-3.

3. Non-affine deformation

A semicrystalline polymer is treated as a heterogeneous network of strands bridged by temporary
junctions. The spatial heterogeneity of the network is attributed to an inhomogeneity of interactions be-
tween chains in the amorphous phase and crystalline lamellae with various lengths and thicknesses. The
network is thought of as an ensemble of MRs with arbitrary shapes and sizes. The characteristic length of a
MR substantially exceeds the radius of gyration for a macromolecule, and it is noticeably less than the
characteristic size of a sample.

Straining of a specimen in the sub-yield region of deformations induces sliding of junctions between
strands with respect to their reference positions. Sliding of junctions in meso-domains of an equivalent
network reflects

1. sliding of entanglements in the amorphous phase,
2. slippage of tie chains along lamellar surfaces,
3. fine slip of crystalline lamellae (homogeneous shearing of layer-like crystallites).

Sliding of junctions is characterized by a plastic strain ¢,. MRs in an ensemble are connected with one
another by links (lamellar blocks) that transmit macro-deformation to individual MRs. This implies that
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the macro-strain, €, equals the sum of the elastic strain in MRs ¢, (the elastic strain is supposed to be the
same for all meso-domains) and the plastic strain e,

€=¢€ t €. (1)
The rate of non-affine deformation of the network, €, = de,/dt, is assumed to be proportional to the rate of
macro-strain, € = de/dt,

de,, de

S2(0) = alelt) 5 () @)

The coefficient of proportionality, o, is treated as a function of the elastic strain, .. This coefficient vanishes
at the zero elastic strain, monotonically increases with ¢, and tends to unity at relatively large deformations
(the latter means that the rate of sliding for a developed flow of junctions coincides with the rate of macro-

strain).
The evolution of the coefficient « is described by the first-order kinetic equation
do 1
= 11—
ol =1 —a(e)]

where ¢ stands for the strain that characterizes transition to the steady viscoplastic flow. Integration of this
equation with the initial condition «(0) = 0 implies that

oc(ee):l—exp<—€—;). 3)

Egs. (1)—(3) describe non-affine deformation of an equivalent network of chains that reflects the viscoplastic
response of a semicrystalline polymer.

4. Rearrangement of strands

The viscoelastic behavior of a polymer is modelled within the concept of transient networks. Active
strands (whose ends are connected to contiguous junctions) are assumed to separate from temporary
junctions at random times when these strands are thermally activated. An active strand whose end detaches
from a junction is transformed into a dangling strand. A dangling strand returns into the active state when
its free end captures a nearby junction at a random instant.

Two types of MRs in an ensemble are distinguished: passive and active. In passive MRs, inter-chain
interaction prevents detachment of strands from the network, which implies that all junctions in these
domains are permanent. In active MRs, active strands separate from temporary junctions and dangling
strands merge with the network at random times.

Denote by X, be the number of active strands in active MRs, by X, the number of strands connected to
the network in passive MRs, and by X the average number of active strands per unit mass of a polymer.
These quantities are assumed (i) to be independent of mechanical factors, and (ii) to obey the conservation
law

X+ X, = X. 4)

Separation of active strands from their junctions and merging of dangling strands with the network are
thought of as thermally activated processes. Detachment of active strands from their junctions is governed
by the Eyring equation, where different meso-domains are characterized by different activation energies, m,
for separation of strands. According to the theory of thermally-activated processes (Eyring, 1936), the rate
of detachment for an active strand in a MR with activation energy w is given by
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F_Foexp<—kf%),

where kg is Boltzmann’s constant, 7 is the absolute temperature, and the pre-factor, I'y, is independent of
energy, w, and temperature, 7. Sliding of junctions in a non-affine network with respect to their reference
positions does not affect the attempt rate, I'y, and the activation energy of a MR, w. In what follows, we
confine ourselves to isothermal deformations at a reference temperature, 7. Introducing the dimensionless
activation energy

. w
 keTo’
we find that
I'(v) = I'yexp(—v). (5)

Active MRs with various dimensionless activation energies, v, are characterized by the distribution func-
tion, p(v), that equals the ratio of the number, N, (v), of active strands in active meso-domains with energy v
to the total number of active strands, X,,

Na(v) = Xap(v). (6)

The distribution function, p(v), is independent of mechanical factors.

The kinetics of rearrangement of an ensemble of active meso-domains is entirely determined by the
function n,(¢,7,v) that equals the number of active strands at time ¢ (per unit mass) belonging to active
MRs with activation energy v that have last rearranged before instant © € [0, ¢]. In particular, n,(z, ¢, v) is the
number (per unit mass) of active strands in active MRs with activation energy v in the deformed medium at
time ¢,

na(t,1,0) = Ny(v). (7)

The amount ¢(t,v)dz, where

on
o(0) = G2 (670)| 8)
equals the number (per unit mass) of dangling strands in active MRs with activation energy v that merge
with the network within the interval [z, 7 + dz], and the quantity
On,
a—nT (t,7,v)dt
is the number of these strands that have not detached from their junctions during the interval [z,¢]. The
number (per unit mass) of strands in active MRs that separate (for the first time) from the network within
the interval [¢,¢ + d¢] reads
on
——=(,0,v)dt
a t ( ) ,U) 9
whereas the number (per unit mass) of strands in active MRs that merged with the network during the
interval [t, 7 + dt] and, afterwards, separated from the network within the interval [z, 7 + dz] is given by

?n,
otot

The rate of detachment, I, equals the ratio of the number of active strands that separate from the network
per unit time to the current number of active strands. It follows from this definition that the evolution of the

(t,7,v)dtdr.
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function n,(¢,0,v), that equals the number (per unit mass) of active strands that detach (for the first time)
from temporary junctions within the interval [z, ¢ + dz], is governed by the equation

On,

%(r,o, b) = —I'()ny(t,0,0). )
Applying this definition to active strands that merged with the network during the interval [z, 7 + dt] and
separate from temporary junctions within the interval [¢,7 + d¢], we find that
on,

P (1 2 0) = (o) 2 (1,5,0) (10)
dtor P Y T TR RO

The solutions of Egs. (9) and (10) with initial conditions (7) and (8) read

na(t,0,0) = No(v) exp[=T'(0)1], (11)
%(t, 7,0) = ¢(t,v) exp[—1'(v) (¢t — 1)]. W)

To determine the function ¢(¢,v), we use the identity

' On,
na(ta Z U) :na(ta()av) + 7([7‘E,U)d’[,
0 @‘E

which, together with Eq. (7), implies that

na(t,(),v)—}—/ %(I,r,v)dT:Na(v). (13)
0 ot

Differentiating Eq. (13) with respect to time and using Eq. (12), we obtain

on, " 0n,
o(t,v) +§(t,0,v) +/0 %(t,f,v)dr =0.
This equality together with Eqgs. (9), (10) and (13) results in

¢(t,0) = I'(0)Na(v).

Substitution of this expression into Eq. (12) implies that

on,
F (t.7,0) = TN, (o) exp[ =L (0)(¢ = 7)) (14)
Introducing the concentration of active MRs,
Xa
K=,
X

and substituting Eq. (6) into Egs. (11) and (14), we arrive at the formulas

na(1,0,v) = kXp(v) exp[—I'(v)1],
on, (15)

22 (1,7,0) = KXp(0)T (2) exp[—T(0) (¢ — 7)),

which describe rearrangement of active strands in an equivalent transient network.
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5. The strain energy density

A strand is modelled as a linear elastic medium with the mechanical energy
w= %uez ,

where p is the average rigidity per strand and e is the strain from the stress-free state to the deformed state.
For strands belonging to passive meso-domains, the strain, e, coincides with the elastic strain, e..

Multiplying the strain energy per strand by the number of strands in passive MRs, we find the mechanical

energy of meso-domains where rearrangement of strands is prevented by surrounding macromolecules,

Wo(t) = SuXpec (7). (16)

With reference to the conventional theory of temporary networks (Tanaka and Edwards, 1992), stresses in
dangling strands are assumed to totally relax before these strands merge with the network. This implies that
the reference (stress-free) state of a strand that merges with the network at time 7 coincides with the de-
formed state of the network at that instant. For active strands that have not rearranged until time ¢z, the
strain, e(¢), coincides with e.(¢), whereas for active strands that have last merged with the network at time
7 € [0, 7], the strain, e(¢,7), is given by

e(t, 1) = €(t) — e(1).

Summing the strain energies of active strands belonging to active MRs with various activation energies, v,
that rearranged at various instants, T € [0,¢], we find the mechanical energy of active meso-domains,

00 t
(1) :%u/ du{na(t,o,u)eg(t)+ %(t,f,u)[ee(t)—ee(f)fdf}. (17)
0 T
The mechanical energy per unit mass of a polymer reads
W(e) = W(t) + W 2).
Substitution of expressions (1), (16) and (17) into this equality implies that

W(t) = %u{Xp(e(t) — (1) + /OoO dv [na(t, 0,0)(e(t) — €,(1))°

+ t %(tva U)((G(l‘) - Ep(t)) — (G(t) — Ep(‘[)))zd‘c] } (18)

0

0

Differentiation of Eq. (18) with respect to time results in

aw de ) _dey )} 1

0= w0 50 - 0] - Juaio, (19)

where

A0 = 2y(e0) = 60) + [ ar{mn(60.00e(0) - 500)
# [ 2 ) [0 - ) ~ ()~ ] . (20)
anl) =~ [ dv{ T 0.0l — a0) + [ T 1) () ~ epl0) — () - epmﬂzdr}-
e1)
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It follows from Egs. (1), (2) and (19) that

dw de
S0 = 1)1~ 2(elt) ~ e(0))] S (1) — g o). (22)

Bearing in mind Egs. (6) and (13), we transform Eq. (20) as follows:

A(r) = [Xp + X, /Ooop(v)dv} — €t / dv/ (t,7,0)(e(1) — €p(1)) dr.

This formula together with Eq. (4) and the equality

/ T po)do=1 23

implies that

A(t) = X (e(t) — (2 / dv/ B (t,7,0)(e(7) — (1)) dr. (24)

Substitution of expressions (9) and (10) into Eq. (21) results in

o) 5 tana )
a0 = [ o) aod (0,060 - 40 + [ F2 0 (€0 - 60 - (600 - ).
(23)

Our aim now is to apply Egs. (22), (24) and (25) in order to derive stress—strain relations for a semicrys-
talline polymer.

6. Constitutive equations

For uniaxial deformation of a non-affine transient network at a reference temperature, 7y, the Clausius—
Duhem inequality reads

do dw 1, de
Ty— 5 (1) = —E(t) +;J(l)a(t) =0, (26)

where p is density, and Q is entropy production per unit mass. Substitution of expression (22) into Eq. (26)
implies that

do 1 de

To—g, (0 =—lo(t) = puA(t)(1 = ale(t) = &(1)))]

; 0+ o) > 27)

It follows from Eq. (25) that the function 4y(¢) is non-negative: I'(v) is positive as the rate of rearrangement
of strands, whereas n,(¢,0,v) and On,(¢,t,v)/0t are non-negative as concentrations of active strands in
active MRs. This means that dissipation inequality (27) is satisfied for an arbitrary deformation program,
€ = €(t), provided that the expression in the square brackets vanishes. This assertion together with Egs. (15)
and (24) results in the stress—strain relation

o) = £[1=2(e(0) - ) | {1€) - 0] - [ p0)a0 [ 1@ expl-ro)a - lieo) - e,
(28)

where £ = puX is an analog of Young’s modulus.
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The time-dependent response of a semicrystalline polymer at isothermal uniaxial deformation with small
strains is determined by Egs. (1)-(3), (5) and (28). Our purpose now is to study three cases of interest for
applications, when the governing equations can be substantially simplified.

(1) We begin with uniaxial tension with a relatively large strain rate, when the viscoelastic effects may be
disregarded during the loading period. Neglecting the integral term in Eq. (28), we find that

(1) = E[1 — a(e(r) — (2))][e(t) — & (). (29)

The stress—strain relation (29) differs from conventional constitutive equations in viscoplasticity by the first
term in square brackets. Given a deformation program, e(z), Egs. (1)-(3) and (29) are determined by two
adjustable parameters:

1. the elastic modulus E,
2. the strain, ¢, that characterizes transition to the steady viscoplastic flow.

(2) We analyze now a standard relaxation test with a longitudinal strain e,

- {0 158

€,

It follows from Egs. (2) and (30) that the plastic strain, €,, remains constant during the relaxation test. It
equals the plastic strain, €,(¢), reached along the loading path of the stress—strain curve. Substitution of
expressions (5) and (30) into Eq. (28) implies that

a(tye) = ao(e){l - K/OOC [1 —exp( — I'otexp( — v))]p(v) dv}7 (31)

where
oo(€) = E[1 — a(e — &(€))] (e — ()
is the longitudinal stress at the beginning of the relaxation test.
To fit experimental data, we adopt the random energy model (Derrida, 1980) with the quasi-Gaussian
distribution function,

M (v=0), p(v) =0 (v<0), (32)

p(v) = poexp l -

where 7 and X are adjustable parameters, and the pre-factor py is determined by condition (23).

Given a strain e, the time-dependent response of a semicrystalline polymer in relaxation test (30) is
determined by Egs. (31) and (32). As the material parameters, I'y and ¥/, in these equations are mutually
dependent (an increase in Iy results in an increase in V), we set I'y = 1 s~ without loss of generality. After
this simplification, Eqgs. (31) and (32) involve three material constants:

1. the average activation energy for rearrangement of strands V,
2. the standard deviation of activation energies X,
3. the concentration of active MRs k.

The stress at the beginning of the relaxation test, gy, is found by integration of Egs. (1)-(3) and (29)
along the loading path of the stress—strain curve.
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(3) We study now a standard creep test with a longitudinal stress o,
0, <0,
a(t) = {07 £>0 (33)

It follows from Egs. (1), (28) and (33) that the elastic strain, (), is given by
g

) = Fr s /0 Z(t, v)p(v) dv, (34)

where

Z(t,0) = /0 I (o) exp[— (o) (¢ — D))ee(t) .

Bearing in mind Eq. (5), we find that the function Z(z,v) satisfies the differential equation
oz
ot

After the elastic strain, €.(¢), has been determined from Eqgs. (34) and (35), the macro-strain, €(¢), is found

from Egs. (1) and (2), which imply that

de 1 de,
a = Ty a

(1,v) = Foexp(—v)[ec(t) — Z(t,0)], Z(0,v) = 0. (35)

(36)

Given a stress, g, Egs. (3) and (34)-(36) involve five material constants: E, ¢, ¥, X and « that can be found
by fitting observations in tensile tests with constant strain rates and in relaxation tests. The initial strain,
€(0), and the initial elastic strain, €.(0), are determined by integration of Egs. (1)—(3) and (29) along the
loading path of the stress—strain curve.

Summing up these results, we conclude that constitutive equations (1)—(3), (5) and (28) can describe the
time-dependent behavior of a semicrystalline polymer in conventional quasi-static tests. The model involves
five adjustable parameters, which is substantially less than the number of material constants in other stress—
strain relations for solid polymers (Hasan and Boyce, 1995; Buckley et al., 1996; Spathis and Kontou, 1998;
Boyce et al., 2000; Ho and Krempl, 2000; Bergstrom et al., 2002). An advantage of the governing equations
is that the adjustable parameters have transparent physical meaning. Our aim now is to find the experi-
mental constants by matching the observations depicted in Figs. 1-3.

7. Fitting of observations

We begin with matching the stress—strain diagrams depicted in Fig. 1. It follows from Egs. (1)-(3) and
(29) that

o(e) = E(e — €,) exp ( - 6_86"),
dep ) €,(0) = 0.

E(G) =1 —exp(—
To find the quantities, £ and ¢, we fix an interval [0, &y,,], where the “best-fit”” parameter, ¢, is assumed to be
located, and divide this interval into J subintervals by the points £ = iAe (i = 1,...,J) with Ae = gne/J.
Given ¢, Egs. (37) are integrated numerically by the Runge-Kutta method with the step Ae = 1.0 x 107>,
The elastic modulus, E, is found by the least-squares method from the condition of minimum of the
function

(37)

€— 6

&
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Fig. 4. The strain ¢ (unfilled circles) and Young’s modulus £ GPa (filled circles) versus the strain rate ¢ s~!. Symbols: treatment of
observations in tensile tests. Solid lines: approximation of the experimental data by Egs. (38). Curve 1: g = 7.528 x 1072,
& = 5.007 x 1073, Curve 2: Ey = 3.491 x 107!, E; = 4.940 x 1072,

F= Z[GCXP(Em) - anum(em)]z’

€m

where the sum is calculated over all experimental points, €,, on a stress—strain curve, oey, is the stress
measured in a tensile test, and oy, is given by Eqgs. (37). The “best-fit” parameter, ¢, is determined from the
condition of minimum of the function F. After determining the “best-fit”” value, ¢, this procedure is re-
peated twice for the new intervals, [¢(~, ¢i*1)], to ensure good accuracy of fitting.

Fig. 1 demonstrates excellent agreement between the observations and the results of numerical simu-
lation. The adjustable parameters, £ and &, are plotted in Fig. 4 versus the strain rate, é. The experimental
data are approximated by the functions

E=FEy+E logé, &=¢) — ¢ logé, (38)

where the coefficients, E,, and ¢, (m =0, 1), are determined by the least-squares algorithm. Fig. 4 shows
that Eqgs. (38) correctly describe the effect of strain rate on Young’s modulus, E, and the strain for transition
to a developed flow of junctions, &.

Relations (38) are chosen to match the experimental data, because the first equality in Egs. (38) is
conventionally employed to assess the effect of strain rate on elastic moduli. It should be noted, however,
that Egs. (38) cannot correctly predict the influence of strain rate on E and ¢ at relatively low strain rates
(which is typical of creep tests). According to Egs. (38), at small values of ¢, Young’s modulus becomes
negative, whereas the strain for transition to a steady flow of junctions approaches infinity. To adequately
describe changes in the Young modulus, E, and the strain, ¢, at relatively small strain rates, the following
phenomenological equations are proposed:

E = Eo(1 + tgé)", 8:800+L£°_2, (39)
(14 7€)

where Ej is Young’s modulus at infinitesimaly small strain rates, ¢, and &, are strains for transition to a
developed flow of junctions at small and large strain rates, respectively, n is a dimensionless exponent, and
7 and 7, are characteristic times. The first equality in Egs. (39) is similar to the Carreau B model, while the
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other equality is analogous to the Carreau A model for the effect of strain rate on the viscosity of polymer
fluids. An advantage of Eqs. (39) is that they predict finite values of £ and ¢ at small strain rates. A
shortcoming of these equations is that Eqgs. (39) involve six adjustable parameters compared to four ma-
terial constants in Egs. (38).

The adjustable parameters in Eqs. (39) are determined by the nonlinear regression algorithm. Fig. 5
demonstrates fair agreement between the experimental data and the results of numerical simulation.

We proceed with fitting the relaxation curves depicted in Fig. 2 by Eqgs. (31) and (32) with I’y =1 s7".
First, we fit the relaxation curve at ¢ = 0.06. The experimental data are determined by four experimental
constants: ¥, X, k and g¢. To determine these quantities, we fix the intervals [0, Vx| and [0, X.x], where the
“best-fit” parameters, V' and X, are assumed to be located, and divide these intervals into J subintervals by
the points V@ = iAV and XY = jAY (i,j = 1,...,J) with AV = Ve /J and AY = X, /J. For any pair,
{r,x U)}, the integral in Eq. (31) is evaluated numerically by Simpson’s method with 200 points and the
step Av = 0.15. The pre-factor py in Eq. (32) is determined from Eq. (23). The coefficients x and o, are
found by the least-squares algorithm from the condition of minimum of the function

F = Z[Gexp(tm) - Gnum(tn7)]27

where the sum is calculated over all experimental points ¢, depicted in Fig. 2, the stress, geyp, is measured in
the relaxation test, and the stress, ., 18 given by Eq. (31). The “best-fit” parameters, ' and X, minimize
the function F on the set {V'® XV}

To approximate relaxation curves at other strains, €, we fix the constants, V', 2 and «, found by matching
the experimental data at e = 0.06 and fit each relaxation curve by using the only adjustable parameter, the
initial stress, go(e). This quantity is determined by the least-squares algorithm from the condition of
minimum of the function F. Fig. 2 demonstrates good agreement between the observations in all relaxation
tests and the results of numerical analysis.

The initial stresses, gy, found by matching the experimental data in relaxation tests are plotted versus the
corresponding strains, ¢, in Fig. 6. In this figure, we also present observations in the tensile test with the cross-
head speed 25 mm/min (that coincides with the cross-head speed for the loading paths in the relaxation tests)

0.1 0.3
£ E
0.0 L 1 1 0.2

-3.5 log é —1.0

Fig. 5. The strain ¢ (unfilled circles) and Young’s modulus £ GPa (filled circles) versus the strain rate ¢ s~'. Symbols: treatment of
observations in tensile tests. Solid lines: approximation of the experimental data by Egs. (39). Curve 1: g = 8.999 x 1072,
£ = 71.586 x 1072, 7, = 16.2 s. Curve 2: Ey = 0.202 GPa, 1z =251.0 s, n = 0.147.
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Fig. 6. The stress ¢ MPa versus strain e. Asterisks: experimental data in a tensile test with the strain rate ¢ = 5.2 x 1073 s~!. Solid line:
results of numerical simulation. Circles: treatment of observations in relaxation tests.

and the approximation of the experimental data in the tensile test by Eqs. (37). Fig. 6 reveals excellent
agreement between the stresses, oy, determined by matching the observations in relaxation tests and the
results of numerical analysis of the tensile test with the constant strain rate.

Finally, we match the experimental data in creep tests depicted in Fig. 3. In the fitting procedure, we use
the adjustable parameters ¥ = 0.0, 2 = 6.0 and x = 0.37 determined by matching observations in tensile
relaxation tests and the value ¢ = 0.09 that ensures the best prediction of the strain, ¢, for transition to a
developed flow of junctions at low strain rates (¢ = 0) based on phenomenological relations (39).

To exclude Young’s modulus, E, from the consideration, we present Egs. (3) and (34)—(36) as follows:

(1) = cao(o) exp (M) s [z op)a

%—f (t,v) = exp(—v)[e.(t) — Z(¢t,v)], Z(0,v) =0, (40)
G0 =en ()0 0=

We take into account in these equations that I'y = 1 s7!.

For any stress, o, integro-differential equations (40) involve two adjustable parameters: the initial strain,
€0(0), and the initial plastic strain, ey (o). Each creep curve is matched independently. To find the constants,
€0(0) and ey(0), we use an algorithm similar to that employed in the approximation of the experimental
data in relaxation tests. We fix some intervals [0, emax] and [0, epmax|, Where the “best-fit” parameters, €, and
epo, are assumed to be located, and divide these intervals into J subintervals by the points e = jAe and
V) = jAe, (i,j =1,...,J) with Ae = €no/J and Ae, = €ymax/J. For any pair, {e!”, el}, Eqgs. (32) and (40)
are integrated numerically with the time step Af=0.01 and the initial conditions, € = e and
€ = el — e, that follow from Eq. (1). The integral in Eqs. (40) is evaluated numerically by Simpson’s
method with the step Av = 0.15. The “best-fit” quantities, ¢ and €y, are found from the condition of
minimum of the function



A.D. Drozdov, Q. Yuan | International Journal of Solids and Structures 40 (2003) 2321-2342 2337

F= Z[eexp(tm) - En“m(t’”)]z’

Im

where the sum is calculated over all experimental points ¢, depicted in Fig. 3, the strain, ey, is measured in
a creep test, and the strain, e,,,, is given by Eqgs. (40). Fig. 3 reveals good agreement between the obser-
vations in creep tests and the results of numerical simulation.

The initial strain, €, is plotted versus stress, o, in Fig. 7. To compare results of numerical simulation in
tensile creep tests and in tensile tests with a constant strain rate, we also present the observations in the
tensile test with the cross-head speed 50 mm/min that corresponds to the loading paths of the creep curves.
Fig. 7 demonstrates excellent agreement between the initial strains in the creep tests and the stress—strain
curve for the tensile test.

10.0

0.0 ! ! L ! I I L ! !
0.0 € 0.1

Fig. 7. The stress ¢ MPa versus strain . Asterisks: experimental data in a tensile test with the strain rate ¢ = 9.9 x 1073 s~!. Solid line:
results of numerical simulation. Circles: treatment of observations in creep tests.

€p

0.0

0.0 € 0.1

Fig. 8. The viscoplastic strain ¢, versus strain e. Solid line: results of numerical simulation for a tensile test with the strain rate
¢ =9.9x 107 s7!. Circles: treatment of observations in creep tests.
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The initial plastic strain, ey, is plotted versus the initial strain, €, in Fig. 8 (circles). In this figure, the
plastic strain, e, is also depicted as a function of strain e (solid line). The dependence of the plastic strain on
the macro-strain is obtained by integration of Eqs. (37) with the adjustable parameters for the tensile test
with the cross-head speed 50 mm/min. Fig. 8 shows fair agreement between the plastic strain, ¢, determined
in the approximation of observations in the tensile test, on the one hand, and that found by fitting the
experimental data in the creep tests, on the other.

8. Discussion

Figs. 1-3 demonstrate that constitutive model (1)-(3), (28) and (32) correctly approximates the experi-
mental data on LDPE in tensile tests with constant strain rates, as well as in tensile relaxation and creep
tests at room temperature. We conclude from this observation that these stress—strain relations may be
employed to describe the nonlinear time-dependent behavior of semicrystalline polymers in the sub-yield
region of deformations.

Comparison of Egs. (31) and (32) for the relaxation tests and Egs. (32) and (34)-(36) for the creep tests
reveals a substantial difference in the mechanical response of LDPE. The time-dependent behavior of the
semicrystalline polymer in a relaxation test is merely viscoelastic (in the sense that the plastic strain, e,,
remains constant during the test), whereas its behavior in a creep test reflects both the viscoelastic and
viscoplastic responses (treated as detachment and attachment of strands from temporary junctions and
sliding of junctions with respect to their reference positions, respectively). At relatively small strains, when
the plastic deformation is negligible (the initial part of the curve depicted in Fig. 8), the time-dependent
behavior of LDPE in both tests may be attributed to rearrangement of strands exclusively, which implies
that experimental data in one test may be re-calculated into data in the other experiment by using con-
ventional formulas (Ferry, 1980). With an increase in stress (strain), the plastic strain, ¢,, noticeably grows
with time in a creep test, whereas this quantity remains constant in a relaxation test. This implies that
observations in these two tests reflect different mechanisms for micro-deformation, and they cannot be re-
calculated by using standard relations. This conclusion is confirmed by the experimental data presented in
Figs. 2 and 3. These figures show that the relaxation curves can be fairly well superposed by vertical shifts
(in terms of conventional models in viscoelasticity, this means that the relaxation spectrum is independent
of strains), while the creep curves do not allow superposition by vertical shifts (which implies that the
retardation spectra are strongly affected by stresses).

Figs. 4 and 5 show that the strain, ¢, that characterizes transition to a steady flow of junctions decreases
with the strain rate, é. The reduction in ¢ is rather modest (about 8%), and it may be attributed to the rate-
dependent rupture of tie chains (that bridge amorphous regions with crystalline lamellae), which enhances
non-affine flow of junctions in the amorphous phase and fine slip of lamellar blocks in the crystalline phase.

According to Figs. 4 and 5, Young’s modulus, £, substantially increases with the strain rate (by about
36%). This increase (driven by a reduction in the loading time from 132 to 3 s) cannot be associated with the
viscoelastic response of LDPE only. The experimental data in relaxation tests (Fig. 2) demonstrate that the
decrease in stress during this period (about 2 min) does not exceed 14%. To explain our findings, we refer to
the concept of occluded rubber (Witten et al., 1993). According to this approach, part of amorphous re-
gions in a virgin specimen are not deformed after application of external loads, because their deformation is
severely restricted (screened) by surrounding lamellar blocks. Under stretching with relatively high strain
rates, the lamellar blocks restricting mobility of occluded amorphous domains are disintegrated, and tie
chains are broken that link amorphous regions with restricted mobility with surrounding crystallites. The
larger the strain rate is, the more pronounced is damage of a crystalline structure, and, as a consequence,
the higher is the amount of occluded amorphous domains to which macro-deformation is transmitted by
their surroundings. This means that the number of active strands per unit mass of a polymer, X, grows with
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the strain rate. As the elastic modulus, E, is proportional to X, we attribute the difference between the
increase in Young’s modulus observed in tensile tests with various strain rates and that observed in re-
laxation tests to the release of occluded amorphous regions induced by rate-dependent fragmentation
of lamellar blocks. To account for this phenomenon in the constitutive equations, it suffices to treat £ as
a function of strain rate and to employ phenomenological relation (39) for the description of this depen-
dence.

In the fitting procedure, we treated the initial strains, €y(o), €x(0o), and the initial stress, go(e), as
adjustable parameters. After these parameters were found by matching the observations in creep and re-
laxation tests, we compared them with the same parameters determined in the approximation of the stress—
strain curves in tensile tests with constants strain rates. The striking similarity of their values (Figs. 6-8)
implies the conclusion about consistency of the constitutive model (in the sense that the values of material
constants are independent of the tests in which they are determined). One can ask why we did not use the
values of € (o), €y(0) and gy(€) found in the approximation of stress—strain diagrams directly, but treated
them as adjustable parameters in fitting creep and relaxation curves. Two answers may be provided. First,
due to small discrepancies in their values for different specimens, the use of initial stresses and strains from
the stress—strain curves will result in systematic deviations between the experimental data in creep and
relaxation tests and the results of numerical simulation. Second, due to inertia of the testing machine, we
expected some reduction in the plastic strain, €, at transition from the loading path of a stress—strain curve
to a creep curve. This decrease in plastic strain has been previously observed in reverse creep tests on
semicrystalline polymers, when a specimen was loaded with a constant strain rate up to a maximal strain,
retracted with the same strain rate down to the zero stress, and the residual strain was measured as a
function of time after unloading (Kitagawa et al., 1995; Ho and Krempl, 2000). A small (but systematic)
decrease in the plastic strain is confirmed by the experimental data presented in Fig. 8. Fortunately, this
decrease is rather insignificant, which implies that it may be neglected in the numerical analysis.

9. Concluding remarks

Three series of tensile tests with constant strain rates, tensile relaxation tests and tensile creep tests have
been performed on injection-molded LDPE in the sub-yield region of deformations at room temperature.

Constitutive equations have been derived for the time-dependent behavior of semicrystalline polymers at
isothermal deformation with small strains. A polymer is treated as an equivalent transient network of
chains bridged by junctions (physical cross-links, entanglements and lamellar blocks). The heterogeneous
network is thought of as an ensemble of MRs with various activation energies for separation of strands
from temporary junctions.

The viscoelastic response reflects separation of active strands from temporary junctions in active meso-
domains and merging of dangling strands with the network. Rearrangement of active strands is modelled as
a thermally activated process whose rate is governed by the Eyring formula with the attempt rate and the
activation energy independent of mechanical factors.

The viscoplastic response is attributed to sliding of junctions in a non-affine network with respect to their
reference positions. The rate of sliding is proportional to the rate of macro-strain.

Stress—strain relations are derived by using the laws of thermodynamics. These equations involve five
adjustable parameters that are determined by fitting the experimental data. Fair agreement is demonstrated
between the observations and the results of numerical simulation.

It is shown that standard relaxation tests in the sub-yield region of deformations reflect the viscoelastic
behavior of an ensemble of meso-domains at the micro-level, whereas the standard creep tests reflect both
the viscoelastic and viscoplastic behavior of semicrystalline polymers.
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The following conclusions are drawn:

1. The elastic modulus, E, noticeably grows with the strain rate, €. This increase is attributed to fragmen-
tation of lamellar blocks, breakage of tie chains and release of occluded amorphous regions, whose mo-
bility is severely restricted by surrounding crystallites.

2. The strain, ¢, that characterizes transition to a developed flow of junctions weakly decreases with the
strain rate. This reduction in ¢ is associated with rate-dependent rupture of tie chains that enhances
non-affine flow of junctions in the amorphous phase and fine slip of lamellar blocks.
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